Abstract
Introduction
Let G = (V (G), E(G)) be an arbitrary graph of order n. The neighborhood of a vertex v of G is the set N G (v) = {u ∈ V (G) : uv ∈ E(G)}. For a set X ⊆ V (G), the neighborhood of X is the set N G (X) = v∈X N G (v).
The closed neighborhood of X is the set N G [X] = N G (X) ∪ X. The set A(X) = A G (X) = X ∩ N G (X) consists of the non-isolates in X and the boundary of X, denoted by B(X) = B G (X), is the set (V (G)\X) ∩ N G (X).
The A-differential of X is given by ∂ A (X) = |B G (X)| − |A G (X)| and the A-differential of a graph G is given by ∂ A (G) = max {∂ A (X) : X ⊆ V (G)} . Any subset X of V (G) with ∂ A (X) = ∂ A (G) is called the ∂ A -set of G. The sets B(X) are considered by Slater in [4] . The parameter ∂ A (G) is considered by Haynes et.al. in [2] and by Pushpam and Yukesh in [3] .
A set S ⊆ V (G) is a dominating set of G if N [S] = V (G). The domination number γ(G)
of G is the minimum cardinality of a dominating set. If S is a dominating set with |S| = γ(G), then we call S a minimum dominating set of G or a γ-set in G. If N (S) = V (G), then we say that S is a total dominating set of G. The total domination number γ t (G) of G is the minimum cardinality of a total dominating set. If S is a total dominating set with |S| = γ t (G), then we call S a minimum total dominating set of G or a γ t -set in G. Obviously, every total dominating set is a dominating set; hence, γ(G) ≤ γ t (G).
A subset S of V (G) is an independent set if every pair of distinct elements of S are non-adjacent. S is an independent dominating set of G if S is both independent and dominating set. The independent domination number γ i (G) of G is the minimum cardinality of an independent dominating set. If S is an independent dominating set with |S| = γ i (G), then we call S a minimum independent dominating set of G or a γ i -set in G.
Domination and other variants of domination can be found in [1] .
Results
Lemma 2.1 Let G be any graph of order n ≥ 2. Then 0 ≤ ∂ A (G) ≤ n − 1.
The following result is due to Haynes, et.al. in [2] . 
Theorem 2.2. For any graph
For the converse, assume that there exists a vertex
The following result is a direct consequence of Theorem 2.4.
The join G + H of two graphs G and H is the graph with vertex set
We now give the A-differential of the join of two graphs. Theorem 2.6 Let G and H be graphs of orders n and m, respectively.
(ii.) If G and H are non-complete, then
Proof : (i) Assume that H = K m and pick a ∈ V (H). By the adjacency of
Consider the following cases: Case 1.
Case 2.
Thus,
Assume that k = ∂ A (H) + n. Then by following the arguments of the proof of the preceding case, we have
The following result, which is a direct consequence of Theorem 2.6(i), gives the A-differentials of the wheel, fan and star.
Corollary 2.7 Let n be a positive integer. Then
where W n , F n and S n are the wheel, fan and star of order n + 1.
The next result, which is a direct consequence of Theorem 2.6(ii), gives the A-differential of the complete bipartite. Let S ⊆ V (G [H] ). The G-projection S G of S and the H-projection S H of S are defined as follows:
Theorem 2.9 Let G be a connected graph of order n and m ≥ 2. Then
This contradicts the property of S. Therefore, S G is a dominating set of G.
Corollary 2.10 Let G be a connected graph of order n and m ≥ 2. If G has a minimum independent dominating set, then ∂ A (G[K m ]) = nm − γ(G).
Proof : Suppose T * is a minimum independent dominating set in G.
Theorem 2.11 Let G and H be non-trivial connected graphs. If
Consider the following cases:
. This establishes the desired equality.
is contained in the union of the given sets. Now, suppose that x ∈ S ∩ N (S) and a ∈ T x . Then (x, a) ∈ C and there
(iii) By definition, (i) and (ii),
This completes the proof of the theorem.
Theorem 2.12 Let G and H be connected non-trivial graphs.
If
Proof : Suppose S is not a dominating set of G. Then there exists
By Theorem 2.11(iii),
This contradicts our assumption that C is a ∂ A -set of G [H] . Thus, T x is a ∂ A -set of H for each x ∈ S\N (S). Finally, from Theorem 2.11(iii) and the fact that C is a ∂ A -set of G [H] , it follows that |T x | = 1 for all x ∈ S ∩ N (S).
Corollary 2.13 Let G and H be connected non-trivial graphs of orders m and n, respectively. Then
where
Proof : Let S be a dominating set of G and let D be a ∂ A -set of H. Set T x = D for each x ∈ S\N (S) and T x = {a}, where a ∈ V (H), for each x ∈ S ∩ N (S). 
